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Abstract. The class of operator-valued functions which are homogeneous of 
degree one, holomorphic in the open right polyhalfplane, have positive semi- 
definite real parts there and take selfadjoint operator values at real points, and 
its subclass consisting of functions representable in the form of Schur com- 
plement of a block of a linear pencil of operators with positive semidefinite 
operator coefficients, are investigated. The latter subclass is a generalization 
of the class of characteristic matrix functions of passive 2n-poles considered as 
functions of impedances of its elements, which was introduced by M. F. Bess- 
mertnyi. Several equivalent characterizations of the generalized Bessmertnyi 
class are given, and its intimate connection with the Agler-Schur class of 
holomorphic contractive operator- valued functions on the unit polydisk is es- 
tablished. 



1. Introduction 

In the Ph. D. Thesis of M. F. Bessmertnyi ||], which appeared in Russian about 
twenty years ago and until very recent time was unknown to Western readers 
(the translations of some its parts into English are appearing now: see |1(JI 171 15| ^ . 
rational n x n matrix-valued functions representable in the form 

(1.1) f(z) = a(z)-b(z)d(z)- 1 c(z), zeC N , 

with a linear (n + p) x (n + p) matrix- valued function 

a{z) 



(1.2) 



A(z) = A + zxAi H h z N A N = 



c{z) 



b(z) 
d(z) 



were considered. Another form of such a representation is 

In. x n 



(1.3) 



/(*) =[[l 







nxp 



A(z) 







p X n 
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and both and (|1.3|) were called by Bessmertnyi a long resolvent representation. 
It is easy to see that this is nothing but the Schur complement of the block d[z) 
in the linear matrix pencil A(z). In |§] (see also JU|) Bessmertnyi constructed a 
long resolvent representation for an arbitrary rational matrix function, and in the 
homogeneous case, i.e., when 

(1.4) f(Xz u . . . , Xz N ) = Xf{z u . . . , z N ), X G C\{0}, z = (z u ...,z N )G C N , 
one has Aq = 0. 

A particular role in his thesis is played by functions of the form or 
with Aq = and Ak = A^ > 0, k = 1, . . . ,N (matrices Ak are assumed 
to have real entries), due to their relation to electrical circuits. He proved that 
such functions constitute the class (let us denote it by R£>^ x ") of characteristic 
matrix functions of passive 2n-poles, where impedances of elements (resistances, 
capacitances, inductances and ideal transformers are allowed) are considered as 
independent variables (let us note, that in the analytic theory of electrical circuits 
it is customary to consider characteristic matrices as functions of frequency, e.g., 
see [TnHHiniini)- It is easy to verify that any / G R#" x ™ satisfies the following 
properties: 

(1.5) /(*) + /(*)*> 0, zeU N , 

where H N := {z G C N : Rezfe > 0, k = 1, . . . , N} is the open right polyhalfplane, 
i.e., the Cartesian product of N copies of the open right half-plane II C C, 

(1.6) f(z) = f( z y = f(zf, zeC N , 

where z := (zT, . . . , "z/v), together with property (|1.4|l . Denote by RT 3 ^™ the class 
of rational homogeneous positive real nxn matrix functions, i.e., rational functions 
taking nxn matrix values and satisfying conditions (f 1 -4|> — (f 1 . f>|> . Then RS^ X ™ C 
IR-pn^™. ug j-gj^gj-jj that replacement of the requirement Ak — A\ > by Ak — 
A* K > 0, k — 1, . . . , N (i.e., removing the assumption that positive semidcfinitc 
matrices Ak have only real entries), in the definition of 10J xn , and removing the 
second equality in condition l|1.6(l in the definition of RT-'JJ*™ define the classes 
B n N xn = CB n N xn and P" x " = CV^ xn , and B n N xn C V%* n . It is clear that in the 
case N — 1 one has R£™ x ™ = RP" xn = {f(z) = zA : A = A T > 0} and 
B nxn = v „xn = = zA . A = A* > 0}, where z G C and A is an n X n 

matrix with real (resp., complex) entries, thus this case is trivial. It was shown 
in that in the case N = 2 one has RB^ xn = WP^ xn , too (and we shall prove 
in the present paper that B^ xn = V^ Xn ). For N > 3 the question whether the 
inclusion R6" x ™ C WP™ xn (as well as B nxn C V nxn ) is proper, is still open. 

Bessmertnyi constructed the long resolvent representations for the following 
special cases of functions from RT 5 ^™: 

. any / G R7> 2 " x "; 

• any rational scalar function / = ^ G WPn with co-prime polynomials P 
and Q, where degP = 2 (see PJ, and also [5]); 
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any so-called primary rational matrix function / = ^ 6 n>#- N 
that the matrix-valued polynomial P and the scalar polynomial Q are 
co-prime and of degree at most one with respect to each variable, and for 



each j,k = 
such that 



1, . . . , N there exist scalar polynomials ipjk, (z), 




it was shown that / is primary if and only if there exists its long resolvent 
representation where coefficients Ak, k = 1,...,N, of A(z) in l|1.2|l are 
positive semidefinite (PSD) (n + p) x (n + p) matrices of rank one with 
real entries, and A = (see j^j, and also |7|). 
However, no any inner characterization of the class ffiLB^*" appears in UJ, i.e., 
Bessmertnyi's thesis doesn't give an idea how to distinguish functions from R"P^ xn 
which admit a long resolvent representation, except the cases mentioned above and 
those functions which arise as characteristic functions of certain concrete passive 
electrical 2n-poles. 

The purpose of our paper is to give such a characterization. We succeed, 
however in a more general framework, which is quite natural. Firstly, we con- 
sider operator-valued functions instead of only matrix-valued ones. Secondly, we 
consider holomorphic functions instead of only rational ones. Thirdly, we permit 
infinite-dimensional long resolvent representations instead of only finite-dimensional 
ones. 

We start with the "complex case", i.e., generalize the classes B 7 ^ xn = CB^ xn 
and "PJJ*™ = CPjJ*™. In Section |5| we introduce the corresponding classes Bn(U) 
and T>n(L{) of homogeneous positive holomorphic L(U)-vahied functions (through- 
out this paper L(U, V) denotes the Banach space of bounded linear operators map- 
ping a Hilbert space U into a Hilbert space V, and L(U) := L(U,U); all Hilbert 
spaces are supposed to be complex). We obtain the characterization of functions 
from the class Bn{U) (which we call the Bessmertnyi class) via a couple of iden- 
tities which involve certain PSD kernels. In Section |3| we show that one of these 
identities turns under the Cayley transform over the variables into the Agler iden- 
tity for holomorphic functions on the unit poly disk V) N := {z 6 : \zje\ < 
1, k = 1, . . . , N} taking operator values with PSD real parts. The latter means 
that the image of the Bn(U) under the Cayley transform over the variables is a 
subclass in the Agler-Herglotz class AHn(M), introduced in p. Using the char- 
acterization of ATIn(U) in terms of functional calculus of iV-tuples of commuting 
strictly contractive linear operators on a Hilbert space, we obtain the characteriza- 
tion of Bn(U) in terms of functional calculus of A^-tuples of commuting bounded 
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strictly accretive operators on a Hilbert space. In Section^lwe characterize the im- 
age of the Bessmertnyi class Bn(U) under the double Cay ley transform ("double" 
means that this linear-fractional transform is applied to the variables and to the 
operator values, simultaneously), as a subclass in the Agler-Schur class A£n(U), 
also introduced in pQ. This characterization turns out to be pretty surprising: a 
function belongs to this subclass if and only if it is representable as a transfer 
function of an Agler unitary colligation for which the colligation operator is not 
only unitary, but also selfadjoint. In Section we establish a natural one-to-one 
correspondence between Bn(M) (which consists of homogeneous functions of N 
variables) and certain class of (generically) non-homogeneous functions of N — 1 
variables. However, a special complicated structure of the latter class does rather 
convince us that Bn(U) is more likeable to deal with. In Section we turn to the 
"real" case. We introduce the notions of t-real operator and t-real operator- valued 
function for an anti-unitary involution i = i,y on a Hilbert space IA which plays a 
role analogous to the complex conjugation in C, and then introduce the subclasses 
lRBn(U) and lWPn(U) in the classes Bm(U) and Vn{U), respectively, consisting of 
t-real operator-valued functions. These subclasses generalize the classes BLB^, xn and 
K7 , ^ xn , respectively. We adapt the results for the "complex case" of the preceding 
sections to this "real case", i.e., give the characterizations of iM.Bn(U) in terms 
of long resolvent representations, in terms of identities involving PSD kernels, in 
terms of Agler's unitary colligations and their transfer function representations for 
images of its elements under the double Cayley transform. In Section we sum- 
marize the results obtained in this paper, and also formulate and briefly discuss 
the most important open problems arising in connection with our investigation. 

2. The classes of homogeneous positive holomorphic functions 



Let U be a Hilbert space. Consider the class Vn(U) consisting of all L(W)-valued 
functions / holomorphic in the domain Qjy := lJ A6T (An) Ar C C N (here for a 
fixed A € T a polyhalfplane (An) w is the product of N copies of the half-plane 
An := {Az = (Azi, . . . , Azjv) : z <= H }), such that the following conditions are 
satisfied: 



Let us formulate and prove some geometrical properties of the domain f2jv 
which appears naturally in this definition of the class PjvC^O, and the definition 
of the class Bn(U) given subsequently (see Remark 1231 below for the motivation), 
even though we will not use these properties explicitly in this paper. 



2.1. 



(2.1) 
(2.2) 
(2.3) 



f(Xzi, . . . , z N ) = Xf(z\, . . . , zn), A g C\{0}, z S £In; 

f(z) + f(z)*>0, zeH N ; 

f{z) = f{z)\ zen N . 



Proposition 2.1. The domain H,n has the following properties: 
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(i) : Qn is an (open) cone in C N , i.e., for each z — [z\, . . . ,zjy) G f2jy o,nd 
any real t > one has tz — (tzi, . . . , te/v) G fijv; 

(ii) : Qn is a circular domain, i.e., for each z = (z±, . .., zjv) G o,nd any 
A G T N one has Xz = (Xzi, . . . , Az/v) G Qn; 

(iii) : for N — 1 and N — 2 one has clos(flN) — C N , and for N > 3 one ftas 
dos(Oiv) 7^ C N ; 

(iv) : cZos(fijv), as we/Z as fijy, is no< convex; 

(v) : f2jv is pseudo-convex ('i.e., i/iere exists a plurisubharmonic function on 
Oat, which tends to +oo as i£s variable point approaches to the boundary 
OQn); or equivalently, 

(vi) : Qn is a holomorphy domain ('i.e., there exists a holomorphic function 
on Qn, which is not holomorphically extendable to any bigger domain); or 
equivalently, 

(vii) : f2jv is not holomorphically extendable to any boundary point (i.e., for 
any point a G d£l n there exist a neighborhood T of a, and a function which 
is holomorphic in fl^ n T and not holomorphically extendable to a). 

For the proof of equivalence of properties (v)-(vii), see |21| . 

Proof. The properties (i) and (ii) are evident, 
(hi). N=l: clos(fii) = clos(C\{0}) = C. 

N = 2: for any z = (z\, 22) G C 2 there is a A G T such that z\ G clos(AIl), Z2 G 
clos(An), thus z = {z 1 ,z 2 ) G (clos(An)) 2 c clos(0 2 ), i.e., clos(fi 2 ) = C 2 . 

N > 3: a point z = (1, exp(2ni/N), . . . , exp(27ri(7V - l)/N)) doesn't belong, 
together with some neighborhood, to any open polyhalfplane, and therefore to Oat, 
thus z ^ cIos^aO- 

(iv). Clearly, is not convex because for any z G f2jv one has —z G fijv, 
and £±^£i = 0<£Q N , 

Let us show that cIos^at) = lJ AeT (Aclos(n)) Ar . Indeed, if z G (Aclos(II)) 
for some A G T then, clearly, z G clos(f2jv). Conversely, if z ^ lJ AeT (Aclos(n)) Ar 
then for any A G T one has 4 = (iN • • • ' ¥) 4- ( c l° s (n)) iv , moreover, there 
exist a neighborhood Ta C of z, and a neighborhood A a C C of A such that 
for any z' G T\ and A' G Aa one has jy 4- (clos^))^. Since the collection of 
open sets {Aa}ast is a covering of a compact set T, one may choose its finite 
subcovering {AaJJLi- Set r : = Djli r A 3 - Then for any z' G T and A G T one has 
^ i (clos^))^, i.e., T n (Aclos(n)) iV = 0. Thus, r n Cl N = 0, i.e., z $ clos(fijv). 

A point z = (l,exp(2m/N),...,exp(2m(N - l)/N)) cIos(Qat) can be 
expressed as z — j? Ylk=i z^ k \ where 

z w = (0,. .. ,0,7Vexp(27ri(fc- 1)/N),0, . ..,0) G I J (Aclos^))^ = clos^jv), 

AST 

fc-th place 

thus the set c1os(£1a0 is not convex. 

(vii). First of all, let us show that the boundary points of 5! at can be of two 
different types: 



G 



Dmitry Kalyuzhnyi-Verbovetzkh 



1. z° = (z°, . . . , Zj_i, 0, z° +1 , . . . , z^) for some j G {1, . . . , AT}, where z°' := 

.j^d^+x, . . . ,z° N ) G clos(rjjv-i); 

2. z° = (zl, ...,z° N ) G such that z° ^ for all fc G {1, . . . , N}, and 
there exist l,j G {1, . . . , AT}, Z < and i > for which z ; ° + tz° = and 

:= (zl,...,zf_ 1 ,zt +v ...,z°_ 1 ,z] +1 ,...,z N ) G (e^g^closCn))^- 2 
(or G (e-*' argz °clos(n)) w - 2 ). 

It is clear that points of these two types are boundary for f2jv. Assume z° G dH,N 
is neither of these types. Then z° G (Aclos(n)) JV for some A G T, moreover Zj^ G 
5(AI1), /i = 1, . . . , s, for some ji, . . . , j s G {1, . . ., AT}, 

arg = . . . = arg z 3s = arg A + | (or = arg A - |j , 

and Zfc £ (All) for fc G {1, . . . , A r }\{ji, . . . , j s }. In this case, there exists e > such 
that z° G (Ae ie II) JV (resp., z° G (Ae-^n)^), i.e., z° is an inner point of Oat, that 
contradicts to our assumption. 

Let r be a neighborhood of a point z° of type 1. Set f(z) :— j-. Since for all 
points of Qn one has Zj ^ 0, / is holomorphic in (IT, and not holomorphically 
extendable to z° . 

Let r be a neighborhood of a point z° of type 2. Set f(z) :— z + tz ■ Since 
for all points of f2jv one has zi + tzj =/= 0, / is holomorphic in Qn n T, and not 
holomorphically extendable to z°. 

The proof is complete. □ 

An equivalent definition of the class Vn^) will be given below. For that let 
us prove, first of all, the following lemma. 

Lemma 2.2. Let a scalar-valued junction f be holomorphic on C\{0} and satisfy 
f(i n TL) C i n H for n — 0, 1, 2, 3. Then f(z)=az, z G C, with some number a > 0. 

Proof. Set h(z) := From the assumptions of this lemma it follows that h 

doesn't take values in the negative real semi-axis. Hence, the function g(z) := 
y/h(z) (with the principal branch of the square root) is well defined and holo- 
morphic on C\{0}, and g(C\{0}) C II. Since for any number w in the open left 
half-plane there is no sequence zj such that lim^oo Zj — and lim^oo g(zj) = w, 
the point z = can not be essentially singular for g (by the Sokhotsky theorem, 
see e.g. [20]). Hence, this point is not essentially singular for h, too. But z = can 
not be a pole of h, since in this case &rgh(z) would take all values from [— 7T,7r), 
including the value — it, which is banned. Thus, h has a removable singularity at 
z = 0. 

Now consider the function h(z) :— h(-) — zf(-). This function is holomor- 
phic on C\{0}, and also doesn't take values in the negative real semi-axis. Applying 
the same reasoning, we obtain that h has a removable singularity at z = 0, and 
therefore h has a removable singularity at infinity. Finally, we have got the entire 
function h which has no singularity at infinity. Thus, by the Liouville theorem, h 
is a constant. Therefore, f(z) — az, and since f(H) = all c n, we get a > 0. □ 



On the Bessmertnyi Class 



7 



Corollary 2.3. For an L(U)-valued function f holomorphic on the domain fijv, 
conditions \2. 1)) and \2. 2]) together are equivalent to the following set of conditions: 



f(z) + f(z)*>0, ze#, 

(94] /(*) + /(*)*< 0, ze(-U) N , 

( ' i(f(z)*-f(z))>Q, ze(iIL) N , 

*(/(*)*-/(*))< o, ze(-iU) N . 

Proof. If conditions 1|2.1|1 and (|2.2|) are fulfilled, then (|2.4|) follows immediately. 
Conversely, let conditions (|2.4() are fulfilled. Consider for each fixed x S 11^ (~l M. N 
the cut-function ip x (X) := f(Xxi, . . . , Xxn), A e C\{0}, and for each fixed x S 
n w n R w , ueM the function ^x,«(A) = (ip x {X)u,u), X S C\{0}. If ^ X ,„(A) = 
set a x ,u '■— 0. If ipx,u{X) ^ then ^) Xill satisfies the conditions of Lemma l2.2l Thus, 
tpx,u(X) = a x ^ u X, X € C\{0} for some number a X}U > 0. Since ip XjU (l) = ol x , u = 
(f(x)u,u), one has ip x . u (X) = (ip x (X)u,u) — (f(x)u,u)X for any fixed x £ IL N D 
Mr, u E U. Therefore, (f x (X) = Xf(x), i.e., f(Xxi, . . . , Xxn) — Xf(xi, . . . , a; at), A € 
C\{0} for any x S IT^nR^. By the uniqueness theorem for holomorphic functions 
of several variables (see, e.g., [21] ), we obtain l|2.1|) . Since (|2.2f) is contained in the 
set of conditions l|2.4|) . the proof is complete. □ 

Finally, we get the following theorem. 

Theorem 2.4. An L(U) -valued holomorphic function f on Qn belongs to the class 
Vn{U) if and only if conditions \2.J$ and 12. are satisfied. 

2.2. 

Let U be a Hilbert space. Define the Bessmertnyi class Bn(U) as a class of L(U)- 
valued functions / holomorphic on the domain fljy and representable in the form 

(2.5) f(z) = a{z) - b{z)d{z)- 1 c{z), zed,,, 

where 

a(z) b{z) 



jV. 



r2A>) 'K--J=-- l -lH ■•-a-1n= c[z) d{z) 

for some Hilbert space Tt, and bounded linear operators = At, k = 1, . . . , N, on 
U © H are PSD. It is clear that c{z) = b(z) := b(z)* , i.e., z\C\ + - ■ - + znCn = z\b\ + 
• • • + z?jb* N , z £ Sljv, and linear pencils a{z) = Z\ai + • • • + z^on = a(z), d(z) = 
z\d\ + ■ ■ ■ + zjydN = d{z) have PSD coefficients = a* k , dk = d* k , k = 1, . . . , N, 
from L{U) and L(H), respectively. For a function / € Bn(M) it is easy to check 
properties (2HH23), thus Bjv(W) C V N {U). 

Remark 2.5. If a function / is holomorphic on H N and has the representation 
(|2.5(l there, then / can be extended to fijv by homogeneity of degree one, and 
this extension is, clearly, holomorphic and has a representation H2.5J) in fliy. That 
is why we define the class Bn(U) straight away as a class of functions on Qjy. 
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Keeping in mind the possibility and uniqueness of such extension, we will write 
sometimes / £ Bn(U) for functions defined originally on H N . 

Remark 2.6. If / € Bn(M) and f(z) is boundedly invertible in 11^ (and hence in 
Qn) then (|2.5|l can be rewritten in the form 

(2.7) f{z) = {P u A{z)- 1 \U)-\ 

where Pu is the orthogonal projector onto U in U i 
This follows from the equality 





© U, and A(z) is given by lf!H)l) . 



(2.8) 



a(z)-&(z)d(z)- 1 c(z) 


-ftOOd^) -1 







-d(z)- 1 c(z) 







d(z) 

a(z) b(z) 
c(z) d{z) 

Let fi be a set. Recall that an L(Zi)-valued function $ on SI x SI is called 
a Hermitian symmetric positive semidefinite kernel (or, for the shortness, a -P5-D 
kernel) if 

(2.9) $Cs,0 = *(C,*)*, («,C)efixfi, 

and for any m £ N, {z (m) }™ l C O, i C W one has 



(2.10) ^^($(z w ,2 M )«W,uW) > 0. 

i f— i 

If 17 is a domain in C N and a PSD kernel <&(z, £) on SI x SI is holomorphic in z 
and anti- holomorphic in £, then <&(z, £) is said to be a holomorphic PSD kernel on 
SI x SI (not to be confused with a holomorphic function on O X f2). 

Theorem 2.7. Let / be an L(U) -valued function holomorphic on Ti N . Then f £ 
Bn{M) if and only if there exist holomorphic PSD kernels <&k(z, C)? k = 1, . . . , N , 
on n w x Il N such that 



(2.11) 



N 

£ 

k=l 



/(*) = >****(*, 0, (z,C)en w xn 



tN 



holds. In this case the kernels $fc(z, £), k = 1, . . . , N, can be uniquely extended to 
the holomorphic PSD kernels on Qjy x Sljv (we denote the extended kernels by the 
same letters) which are homogeneous of degree zero, i.e., for any A £ C\{0} 

(2.12) $ fc (Az, AC) = $ fc («, 0, («, e n N x n N , 

and identity $2.11]il is extended to all (z,C) £ x Qn- 

Proof. Necessity. This part of the theorem was proved by Bessmertnyi in [!|| (see 
also |10p for rational matrix- valued functions / by playing with a long resolvent 
representation of / in the form (|1.3fl . We follow the same idea, however we use 
in our proof the representation (|2.5|) . which does exist for our case without an 
additional assumption on the invertibility of f{z) (see Remark l2.6fl . 
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Let / £ Bn(U). Then (|2.5I) holds for some Hilbert space H and linear pencil 
of operators A(z) of the form 12.6( 1 . Define 



Iu 

-d(z)" 1 c(z) 



Then for all (z, £) € £In x ^jv one has 
/(*) = a^-fo^Mz)- 1 ^) 

= [ i u -cicydicy- 1 

= [ i u -cicydicy- 1 
= ^(cyA(z)^(z). 



eL(U,U®H), z£n N . 



a(z) — b(z)d{z) 1 c(z) 




a(z) b(z) 
c(z) d{z) 



Iu 

-d(z)" 1 c(z) 



Set $ fc (z,C) := ip{(yA k ip(z), k = 1,...,jV. Clearly, functions (), k = 

1, . . . ,N, satisfy properties 12. 9f) and l|2.10|l for il = Since if) is holomorphic 



on il^v we obtain that $fc(z,£), fc = 1, . 
57 at x Q at. Rewriting the equality 



/(z) = iKC)M(*)lK*) 



, N, are holomorphic PSD kernels on 

(z,c) e ftjv x n N , 



in the form 
(2.13) 



JV 



f(z) = z k®k{z, C)> C) S Oat x ft^y, 



fc=i 



we obtain, in particular, l|2.11|l . 

Sufficiency. Let us note that the assumption that a Hilbert space TL involved 
implicitly in the representation ((2.5(1 can be infinite-dimensional, is essential in 
our proof of this part of the theorem (Bessmertnyi proved only the necessity part, 
under his assumptions). 

Let / be an L(W)-valued function holomorphic on II and representable there 
in the form 1(2.11(1 with some holomorphic PSD kernels &k(z, C)> k = 1, . . . , N. For 
these kernels there exist auxiliary Hilbert spaces M.k and holomorphic L(U,A4 k )- 
valued functions (pk on H N such that $fc(z,£) = <pk(0* fk{z), (z,C) € x 
(see 0|). SetM :=0f =1 M fc , P k := P Mk , <p(*) ■= col[ <px(z) ... <p N (z) ] € 
L(U,M), e := (1, . . . , 1) E U N . ^From QFTfy we get 



JV 



(2.14) 

In particular, 
(2.15) 



/(e) = $>*(C)V*(e), Cen w . 



fc=i 



/(e) = ^V5fc(e)> fc (e). 



fc=l 
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By subtracting l|2.15|l from (I2.14[> we get 



N 



- v*(e)]V*(e) = o, (en", 



fc=l 



i.e., the following orthogonality relation holds: 

H clos span ( > gn jv{[( / 9(^) — Lp(e)]U} _L c\os{ip(e)V(} =: X. 

For any £ £ H N and «eW one can represent now f(C)u as 

col[y(e) <p(Q - ifi(e) ] u G X © H. 

On the other hand, for any u E U, ( E H N one has 

(p(e)u 6 clos span£ gn iv{(p(C)£/}, [<p(C) ~ </ ? ( e )] u G c l° s s P an ^en JV {v(C)^}- 

Thus, clos span^ gn jv{(;9(C)^/} = X ®7i. Let /c : A" © 7i — > .M be the natural 
embedding defined by 

(2.16) k 



ip(e)u 
(<p(Q - <p(e))u 



tp{Qu = 

(p N (0 u 

and extended to the whole X © Ti by linearity and continuity. Set 



(p\(Qu 



( e u N , ueu, 



A k := 



tp(e)* 
In 



K*P k K 



<p(e) 
In 



eL(U®H), k = l,...,N. 



£L{um®h), (en 



Clearly, A k = A* k are PSD operators. Set 
Then f(z) = i/j(C)*A(z)ip(z), (z,() £ U N x n w . Indeed, 



4/ 

¥>(C) - V(e) 



V(e) 
J« 



A' 



Vjfc=l 



V(e) 
In 



Iu 

<p(z) - tp(e) 



N 



Now, let Afe, = 1, . . . ,N, have the block partitioning: 



A k = 



Then 



A(zMz) 



a{z) b(z) 
c(z) d(z) 



€ L(U@H). 



Iu 

<p(z) - <p(e) 



a(z)+b{z)(<p(z) 


-<P(e)) ' 






c(z) + d{z){ip(z) 


-<P(e)) _ 
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Since for any (z, () £ H N x II ^ one has 

i>(0*A(z)i>(z) = [ I U 9(0* ~ V(e)* } 

by setting £ :— e in this equality we get fi(z) = f(z), z £ H N . Therefore, for 
any (z,() € 11^ x 11^ one has [<p(() — f{e)\* f2{z) = 0. This implies that for any 
z S H N and u £lA one has f2(z)u _L 7i. But ji(z)u £ H. Therefore, f2(z)u = 0, 
and f2(z) = 0, i.e., 

(2.17) c(z) + d(z)[<p(z)-<p(e)} = 0. 

Since for any z £ H N the operator P(z) :— Ylk=i z kPk has positive definite real 
part, the operator d{z) = Phk* P(z)k\H has positive definite real part, too. There- 
fore, d{z) is boundedly invertible for all z £ Ii N . From l|2.17[) we get tp{z) — tp(e) — 
-d{z)- l c{z), z £ n N , and 

f(z) = h{z) = a(z) - b{z)d{z)- 1 c{z), z £ U N . 

Taking into account Remark 121)1 we get / £ Bn(U). 

Since ip(z) — ip(e) = ~d(z)~ 1 c(z) and, hence, ip(z) are well-defined, holo- 
morphic and homogeneous of degree zero functions on Hn, the kernels < &fc(z, () — 
^(()*A k ip(z), k — 1,...,N, are extended to Sljv x fl N , and (|2.12|) holds. One 
can easily verify that these extended functions are holomorphic PSD kernels on 
fijv x f2jv, and l|2.13[l holds. The proof is complete. □ 



3. The class B^(U) and functional calculus 

In this section we will give a characterization of the class Bn(U) via the functional 
calculus of TV-tuples of commuting bounded strictly accretive operators. First of 
all, let us observe that the identity (|2.11|) is equivalent to the pair of the following 
identities: 

N 

(3.1) /C0 + /(0* = £(** + 5)**(*,C), (z,o&n N xn N , 

fe=i 

N 

(3.2) /(*)-/(0* = £(**-^**(*'0, (z.Oen^xn". 

fc=i 

We will show that the Cayley transform over all the variables turns the first of 
these identities into Agler's identity which characterizes the Agler-Herglotz class 
of holomorphic functions on the unit polydisk D w . The latter has also, due to 
PQ, another characterization, via the functional calculus of -/V-tuples of commuting 
strict contractions, that will give us the desired result for the class Bn(U)- 

Let us recall the necessary definitions. Denote by C N the set of all iV-tuples 
T = (Ti, . . . , Tjv) of commuting linear operators on some common Hilbert space 



h(z) 
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TL subject to the condition ||Tfc|| < 1, k = 1, . . . , N (strict contractions) . Then for 
any holomorphic L(U) -valued function 



F(w) = y~] Ftw 1 , w £ 



(here := {t £ Z N : t k > 0, k = 1, . . . , N} and w* := Uk=i w l k )^ and an y 
T G C N the operator 

(3.3) F(T) := $t ® T* G L(U <g> TL) 

is well-defined as a sum of a series convergent in the operator norm. The Agler- 
Herglotz class AHn{L() consists of all L(U)-valued functions F which are holo- 
morphic on H) N and satisfying the condition 

(3.4) F(T) + F(T)* > 0, TeC M , 

where the inequality ">" is considered in the sense of positive semi-definiteness of 
a selfadjoint operator. It was proved in P that F G ATLn(U) if and only if there 
exist holomorphic PSD kernels Sfc(«;, a;), fe = 1, . . . , N, on x U) N such that 

N 

(3.5) F(io) + F(ui)* = ^(1 - uJ^w k )E k (w, u>), (w, u) £ D N x D N . 

fe=i 

Denote by A the set of all iV-tuples R = (Ri, . . . ,-Rjv) of commuting bounded 
linear operators on some common Hilbert space TL for which there exists a real con- 
stant s > such that R k + R k > S-f-H, fc = 1, . . . , AT (strictly accretive operators). 
The operator Cayley transform, defined by 

(3.6) R k :=(I H +T k )(I n -T k )-\ k = l,...,N, 
maps the set C N onto A N , and its inverse 

(3.7) T k := (R k - I H )(Rk + InT\ k = l,...,N, 
maps .4.^ onto C N . 

Let / be an L(U)-v&\ued function holomorphic on 11^. Then the Cayley 
transform over variables applied to / gives 

(3.8) FH:=/fl±^,...,i±^), W £B\ 

\ 1 — W\ 1 — WN J 

which is a holomorphic L(t/)-valued function on H N . 

For any R G A N let us define /(R) := F(T) where T = (T x , . . . ,T N ) is 
defined by EHIl . 

Theorem 3.1. Let / fee an L(U) -valued function holomorphic on U N . Then f £ 
Bn(U) if and only if the following conditions are satisfied: 

(i) : f(tzi, . . . ,tz N ) = tf(zi, . . . ,z N ), t > 0, z=(zi,...,z K )en JV ; 

(ii) : /(R) + /(R)* > 0, Re 
(Hi): /(z) = /(*)*, zen N . 
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Proof. Necessity. Let / G Bn{U). Then (i) and (hi) easily follow from the repre- 
sentation H2.5f) of /. Condition (ii) on / is equivalent to condition (|3.4|) on F which 
is defined by (|3.8p . i.e., to F G ATCn{M)- Let us show the latter. Since / satisfies 
(|3~T|) . one can set z k := i±i^, Cfc = jz^, k = 1, . . . , N, in (EU and get 



F(w)+F(lu) 

N 



E 

fc=i 



l + Wfc i l + w fc \^ ( 1 + wi 1 + wn 1 + loi 1+ojn 



1 — w k 1 — LOk ) \1 — wi 1 — wn 1 — ui\ 1 — 



N 



(3.9) =5^(l-53jfu; fc )Sk(«;,w), (u>, w) € X D^, 
fc=i 

where for fe = 1, . . . , N: 
(3.10) 

2 /l + Wi 1 + Wyv 1+Wjv 

s fe (w,w) = — — $ fc ;- 

(1 - Wk){± - OJk) \l-wi 1 - WN 1-CJl 1-CJjV 

Since for each k = 1, . . . , N one has $ fc (z, C) = tpk(0* Phiz) , (z, () e H N x U N , 
where is a holomorphic function on II with values in L(W, A^ fc ) for an auxiliary 
Hilbert space M k (again, see @]), we get E k (w,oj) = £k(v)*£k(w), { w , w ) G ©^ x 
B N , where 

(3-11) £ fe ( w ) = - tp k \- 

1 — Wk \ 1 — Wl 1 — WN 

are holomorphic L(U, A^ fc )-valued functions on B> N . Thus, E k (w, ui), k = 1, . . . , N, 
are holomorphic PSD kernels on B N x D N , and (23 means that F S AH N {U). 

Sufficiency. Let / satisfy conditions (i)-(iii). Since (ii) is equivalent to F 6 
AHn(L(), where F is defined by l|3.8|l . the identity l|3.5|) holds with holomorphic 
PSD kernels E k (w,u) on B N x B N . Let E k (w,cj) = &(w)*&H, (w,w) G D N x 
1D> , where are holomorphic functions on taking values in L(U, M k ) for 
some auxiliary Hilbert spaces M. k , k = 1, . . . , N. Set w k := ^xr, Wfc = f k xr, = 
1, . . . , N, in l|3.5|) . and by virtue of (|3.8|l get: 

/(*) + /(0* = 

A _ Cfe - 1 ^fe-lA^/Cl- 1 Cat-1A*^^1-1 2jv - i 



fe=i x 



+ 1 z k + lj VCi + 1 Cn + IJ \zi + l z N + l 



(3.12) =X>fc + 00¥>fc(OVfc(z), feOen^xn", 



where for fc = 1, . . . , JV 



, q1Q s , v v 7 ^ t fzx-1 z N -l 
(3.13) ip k (z) := — 4fc 



z k + 1 ' V zi + 1 za? 
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are holomorphic L(U , A4 k )-valued functions on EE . It follows that $ k (z, C) : = 
<Pk(0*<Pk(z), k = 1, . . . ,N, are holomorphic PSD kernels on I1 N x 11^, and (pH|) 
holds. The property (hi) implies /(cc) = /(a;)* for any x £ 1 N fl 11^, and for any 
such x, and t > by (|3.12|) one has: 



N 



f(x)+f(tx) = (1 + t) ^ X k <fk(tx)*ipk(3 

fe=l 

AT 

f{tx) + f(x) = (l + t)^x k <p k (xy<p k (ta 



fe=i 

It 1 ^ 

fc=i 

It 1 N 

-2r[f(tx) + f(tx)} = ——-^2tx k ip k (tx)*ip k {tx). 

fe=i 

By (i), the left-hand sides of these equalities coincide and equal to (1 + t)f(x), 
therefore 

N N 



j(x) = y^^x k ip k (tx)*cp k (x) = y^^x k ip k (x)*ip k (tx) 
fe=i fe=i 

N N 

= ^x k ip k (x)*(p k (x) = ^x k ip k (tx)*ip k (tx). 



fe=l fe=l 

^From here we get 

JV 



< ^x k [cp k (tx) - ip k {x)]*[ip k {tx) - <p k (x)] 
fc=i 

TV JV 

= ^x fe ^ fe (te)*</j fc (ta;) - y^x fc y)fc(fa)Vfc(a:) 
fc=i fc=i 

AT AT 



fe=l fc=i 

Thus ^fe(te) - ^ fc (a;) = for any lef'n U N , t > and k = 1, . . . , JV. For hxed 
k G {1, . . . , JV} and t > the function h kt t{z) := ip k (tz) — ip k (z) is holomorphic on 
# and takes values in L(Zi, VU fc ). Then for any hxed fee {1, . . . , JV}, i > 0, u <ElA 
and m S M. k the scalar function h k j, u ,m(z) '■= {h k j{z)u,m) M k is holomorphic 
on II" and vanishes on M. N n 11^. By the uniqueness theorem for holomorphic 
functions of several variables (see, e.g., |2T]1. h kyt , u ,m(z) = 0, hence h kyt (z) = 0, 
that means: 

^ fe (tz) = <p fc (z), t > o, zen" 
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It follows from here that for any (z, £) <G H N x 11^ and t > one has 

JV 

f(z) + tf(cy = f{z) + f(tty = Y J (zk + Kk)MKY^k{z) 

fc=i 

N 
k=l 

N N 

= ^2z k (p k (o*(p k (z) +t^2( k ip k (o*ip k (z), 

k=l k=l 

and the comparison of the coefficients of the two linear functions in t, in the 
beginning and in the end of this chain of equalities, gives: 

N 

f(z) = J2 z k <fi k (C)*f k (z), (z, ()en N x n N , 
fc=i 

i.e., jSH . By Theorem 1571 / E B N {U). The proof is complete. □ 

Corollary 3.2. Let f be an L(U) -valued function holomorphic on Qn- Then f G 
Bn(M) if and only if the following conditions are satisfied: 

(i) : f(\z 1 ,...,\z N ) = \f{z 1 ,...,z N ), A E C\{0}, z = (z l7 . . . , z N ) e n N ; 

(ii) : /(R) + /(R)* > 0, Re A N ; 

(iii) : f(z) = f(z)*, z € Q N . 

Proof. If / € Bn(U) then conditions (i) and (iii) follow from the representation 
(|2.5I) of /, and condition (ii) follows from Theorem 13.11 Conversely, conditions 
(i)-(iii) of this Corollary imply conditions (i)-(iii) of Theorem 13. II which in turn 
imply f eB N {U). □ 

Remark 3.3. By Corollarv l3.2l its conditions (i)-(iii) on holomorphic L(U)-val\ied 
functions on f2jv give an equivalent definition of the class Bn{M), which seems 
to be more natural than the original definition given in Section [21 in "existence" 
terms. The definition of the class Vn(U) is obtained by replacing condition (ii) by 
a weaker condition 1)2. 2[l . 



4. The image of the Bessmertnyi class under the double Cayley 
transform 

In Section |3| it was established that the Cayley transform over the variables maps 
the Bessmertnyi class Bn(M) into the Agler-Herglotz class AH.n(U)- Since the 
Cayley transform over the values of functions maps the class AHn(U) into the 
Agler-Schur class ASjqiU) (see £Q), the composition of these two transforms (the 
double Cayley transform) maps Bn(U) into AS^{U). The class ASn(U) is impor- 
tant in the interpolation theory and systems theory in several variables (see, e.g., 
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PEHHIEIEOE])) ^a.t * s w ^ ^ ^ s interesting to describe the image of Bn(U) in 
ASn(U) under the double Cayley transform. 
Given / £ B N (U), define for w £ D N : 

T(w) = (F(w) - I u )(F(w) + I U )- 1 = 

(4.1) (f(^...^)-^)(f(^,...^) +ki 
\ 1 — wnJ J \ \1-w 1 1-wnJ 

We shall write down T = C(f), and call C(-) the double Cayley transform. 

Let us recall the definition, and resume the main results of pQ on the Agler- 
Schur class ASn(U). 

Theorem 4.1. Let T be a holomorphic L(U) -valued function onI0> N . The following 
statements are equivalent: 

(i) : ||^(T)|| < 1 for any T £ C N ; 

(ii) : there exist holomorphic PSD kernels <dk(w,ui) onH) N xU) N , k — l,...,N, 
such that for any (w,oj) £ H) N x D w one has 

N 

(4.2) I u -T(u)*T(w) =^(l-LJkW k )e k (w,u>); 



k=l 



(iii): there exist Hilbert spaces X, X \, . . . , Xn such that X = ©j. =1 X k , and 

\ A B 1 

a unitary operator U = n n S L(X ®U) such that 

(4.3) ^(w) = D + CP{w){I x -AP(w))- 1 B, 

where P(w) :— 5Zfc=i w kPx k , i-e., T is the transfer function o/ an Agler 
unitary colligation a = (N; U; X = Xk,U,U) (we will write T = T a 

in this case) with the state space X, and the same input and output spaces 

equal to U. 

The Agler-Schur class ASn{U) consists of all functions satisfying any (and, 
hence, all) of conditions (i)-(iii) of Theorem 14. II 

Theorem 4.2. A holomorphic L(U) -valued function T on D w can be represented as 
T = C(f) for some f £ Bn{U) if and only if the following conditions are fulfilled: 

(i) : T — T a for an Agler unitary colligation a = (N; U ; X — (§)^ =1 X^MM) 
with the additional condition U — U* : 

(ii) : 1 i a(T(0)). 

Proof. Necessity. Let / £ B N (U). Then (|3.1I) and (|3.2() hold. As we have shown 
in Theorem 13.11 the identity (|3.1|l implies the identity (|3.9|) for the holomorphic 
i(W)-valued function F on which is defined by J3|S}, with holomorphic PSD 
kernels ^{w, to), k = 1, . . . , N, on B N x D w defined by PD) . Analogously, the 
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identity l|3.2[) implies 
F(w) - F(w)* = 

•^^l + Wk l + WfcX fl + wi 1 + wn + 1 + ojjv\ 

^ \ 1 - w k 1 - UkJ k V 1 - wi ' " ' ' 1 - w N ' 1 - u>i ' " ' ' 1 - uj n J 

N 

(4.4) = ^2(w k - u^)S k (w, «), («;, w) € D w x D w , 

fc=i 

with the same kernels Efc(iu, w), A; = 1, . . . , AT. Let J 7 = C(f), i.e., J 7 is determined 
by / or F in accordance with 14. 1|) . Then 

7 W - = J M - + /zv)" 1 - J M ) - J M ) (F(w) + IuT 1 

= (F(uj)* + IuT 1 [(*"(")* + Iu) (F(w) + I u ) - (F(w)* - I u ) (F(w) - I u )] 
x (F(w) + IuV 1 = 2 {F(u})* + IuV 1 (F(w) + + I M ) _1 . 

According to (|3.9() . we get 

JV 

(4.5) I u -J : (u)*F(w)=^(l-i3kW k )Qk(w,u), (w, u) £ B N x B N , 

fc=i 

where 

(4.6) Q h (w, to) = 2 (F(w)* + Z^) -1 Sfc(w, w) (F(w) + I w ) _1 . 

Since Sfe(it>, u;) = £fe(w)*£fe(«;), (w,lj) G D n x D^, where are holomorphic 
A4 fc )-valued functions on B N , one has 

(4.7) Q k (w, u) = 6 k (u>)*dk{w), {w, lj) £ B N x B N , 
where 

(4.8) ^ fe H = V2^ fe (u;)( J FH+7 w )" 1 , (w, to) G D w x D w , 

are also holomorphic .M fc )-valued functions on D^. Thus, 0fe(ltf, w), = 
1,...,AT, are holomorphic PSD kernels on B N x D N , and due to (|43|> . F G 
ASn(U)- Analogously, 

F(w) - = 2 {F{uY + J^)- 1 (f» - F(u)*) (F(w) + Iu)' 1 , 

and according to l|4.4|l we get 

N 

(4.9) F(w)-F(u;)* = Y,(w k -ZJk)Q k {w,u), (w, u>) G D w x B N , 

k—l 

with the same set of kernels Q k (w,u>), k = 1,...,N, defined by (|4.6[) . Let us 
rewrite (|4.5|l and 1)4. 9[) in a somewhat different way. Since / G Bfq{U) satisfies 
f{z) = f(z)*, z G II , one has also 

F(w) = F(w)*, T{w) = T{w)* , weB N . 
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Therefore, (|4.5|l and (|4.9|l are equivalent to the following two identities, respec- 
tively: 

N 

(4.10) i u -F(w)F(w)* =Y,(i-wk^%(w)0 k (w)*, (w,u) en N xn N , 

k=l 
N 

(4.11) F(w)-F(u>)* = Y,(™k-^)h(w)6k(uy, (w,uj)eI]) N xB N 7 

fc=i 

where 9k(w) — 9 k (w)* are holomorphic L(A4 k ,U)-valued functions on ~B N . We 
will show that the identities 1)4. 1U[) and l|4.11|l allow to construct an Agler unitary 
colligation satisfying condition (i) of this theorem. For this purpose, we will use 
the functional model of an Agler colligation by J. A. Ball and T. T. Trent 0. 

Let us remind their construction. Let W £ ASN{U,y) (the definition of 
ASn{U, y) is the same as of ASn(U), with only difference that values of functions 
from this class are in L(U, y)). Then there exist Hilbert spaces C k and holomorphic 
functions H k ,H* k on D w taking values in L(£ k ,y) and L(C k ,U) 7 k = 1, . . . ,N, 
respectively, such that 

" I u - W{w)*W(u>) W(w)* - W(lu)* 
W(w) - W{uj) I y - W(w)W{uj)* 

H* k (w)H* k (uj)* H* k (w)H k (uj)* 
H k (w)H mk (u>Y H k (w)H k (cu)* 

for all (w,oj) £ B N x B N , where "o" is a Schur (entry-wise) matrix multiplication. 
For every k = l,...,N and (w, lo) E B n x B n , set 

K* k (w,oj) := H* k (w)H* k (u))* , K k (w,uj) := H k (w)H k {uj)* , 

L k (w,uj) := iT*fc(«j)iZfc(a;)*, L* k (w,uj) := L k (uo,w)* — H k (w)H* k (u))* , 



(4-12) 



i i 



1 - W k UJ k W k - LO k 
W k ~UJ^ 1 - W k LJk 



and 



K k (w,Lo) := 



K* k (w,uj) L k (w,u) 
L* k (w,uj) K k (w,u) 



The latter function is a holomorphic L(U © 3^)-valued PSD kernel on 
which serves as the reproducing kernel of the Hilbert space TL{K k ) of holomorphic 
{U © J-^-valued functions on D w ; this space is determined uniquely by K k (for 
the theory of reproducing kernel Hilbert spaces see, e.g., @]). Set D({K k }^ =1 ) := 



®LiK{K k ). The latter is a Hilbert space of holomorphic (U © 3^) -valued func- 



tions on D^, with the reproducing kernel K{w,uj) :— K k {w,uj). Define the 
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lineals V C V{{K k }» =1 ) © U and TZ Q C V({K k }% =1 ) © y as 



span < 



Ha 



span < 



w) 

W[L*i(-,w) 

wWL* N (-,w) 
Iu 

L*i{-, w) 



u. 



W(w) 



u, 



Li(;w) 
K X {;W) 

L N (-,w) 
K N (-,w) 
W(w)* 

W[Li(-,w) 
W[Ki(-,w) 



w N L N (-,w) 
wnKn(-, w) 
Iy 



y : u £ U,y E y, w e 



y : u €U,y € y,w € 



The operator Uq : T> Q — * lZ a , correctly defined by 



U, 



o ■ 



w\K*x(', w) 

WnL* n (-,w) 
Iu 



U 



Li(-,w) 










y 1 — > 


L N (-,w) 




K N (-,w) 




W(w)* 





W{w) 

WyLi{-,w) 
WiKi(-, w) 



u, u £lA,w £ 



t,A 



y, y ey,w e 



,,A 



t,A 



> • 



«A 



w N L N (-,w) 

h 

is uniquely extended to the (correctly defined) unitary operator Uq : clos(2?o) ~~ * 
clos(T^o)- In the case where 

(4.13) dim{(P({F fe }f =1 )ffiW)eclos(2? )} = dim{(P({F fe }^ 1 ) ffi^) ©clos(^ )} 

there exists a (non-unique!) unitary operator U : V{{K k }^ =1 )®U — > T>({Kk} k=1 )(B 
y such that U\c\os(T> ) — Uq. The corresponding Agler unitary colligation is 
a = (N;U;V({K k }^ =1 ) = ©f =1 H(K k ), U, Y), and W = W a , i.e., W is the 
transfer function of a. 

Let us apply this construction to a function T = C(f) where / £ Bn(U). In 
this case y = U, W = T. Since F{w) = F(w)*, w £ D N , it follows from i jOljl 
and ifTTTTl) that jUg} holds with H k = H* k = 6 k , k = 1, . . . , N. Therefore, for 
k = 1 ..... iV one has 



(4.14) K k (w,co) = K* k (w,u) = L k (w,co) = L* k (w,w), (w, ui) G 
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In turn, this means T>q = TZq, and 

(V({K k }% =1 )®U)Qclos(V ) = (V({K k }^ 1 )®y)Qdos(K ). 
In particular, (|4.13|) holds. Define the operator 

Clearly, {/ is unitary. Let us show that U = U* . From the definition of C/o and 

dUU) it follows that C/ = Uq 1 . Therefore Uq = Uq~ and U = l/- 1 . Since 
U* = U' 1 , we obtain U = U*. Thus, condition (i) is fulfilled. 

Since /(e) = /(e)* > where e = (1, . . . , 1), the operator /(e) G L{U) has a 
spectral decomposition (see, e.g., [3]) 



/(e) 



l/(e)|| 



tdE f 



therefore, 



T(0) = (f(e)-Iu)(f(e)+Iu)- 1 = 



\f(e)\\ 



t- 1 
t+1 



dEt 



Since the function s(t) = jj^ increases on the segment [0, ||/(e)||], one has .F(O) < 

j(e) +1 -^' Since |j7|j|m < 1, we conclude that 1 ^ o{!F{0)), i.e., condition (ii) 
is also fulfilled. 

Sufficiency. Let conditions (i) and (ii) for the function T satisfy. Since U = 
U* = U^ 1 , one has D = D* and D is a contraction in U. Since .F(O) = D and 1 ^ 



er(.F(0)), we get a(J-(0)) c [—1, a] with some a : — 1 < a < 1. Hence, cr( 



c 



[0. 



thus 



/»+^(Q) 

2 



< < 1. By the maximum principle for holomorphic 



operator-valued functions of several variables (e.g., see |18|L 



2 



< 1 for all 



e B N . Indeed, (i) implies T G AS N (U), and therefore G AS N {U). Thus 



/»+.F(tu) 
2 



< 1 for all w G 



If for some wo G D one had 



2 



= 1, 



then the maximum principle would imply 
particular, 



2 



1 everywhere in 



In 



2 



= 1, that is not true. Finally, we get 1 ^ u{ Iu+ ^( w ) ^ an j 

therefore 1 i o{T(w)) for all w G D w . Thus, the function F(w) = {Iu+F{w)){Iu- 
!F(w))~ 1 is correctly defined and holomorphic on U> N . It is easy to see that 

(4.15) F(w) + F(uj)* = 2{I U - F(u)*)- x (I u - F{u)*F{w)){I u - T{w))-\ 



(4.16) F(w) - F(w)* - 2(Z M - -Ffw)*)- 1 ^) - H^TWu - H^T 1 
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for all (w,lu) e B N x D N . Since U = If- 1 = U* , due to g3J one has 

I u - F(u)*F(w) =I U -[D + CP{u;)(I x - AP{w))~ l B\* 
x[D + CP(w)(I x - AP{w)Y 1 B] =I U -D*D 
-D*CP(w)(I x - AP(w))- 1 B - B*{I X - P(£D)4*) -1 P(u>)C*.D 
-B*{I X - P(lj)A*)- 1 P(lj)C*CP(w){I x - AP{w))- 1 B 
= B*B + B*AP(w)(I x - AP{w)Y 1 B + B*(I X - P(ui)A*y 1 P(uj)A*B 
-B*{I X - P{Q)A*)- X P{Q)(I X - A*A)P(w)(I x - AP{w))~ l B 
= B*(I X - P(uj)A)- 1 [{I x - P{Co)A){I x - AP(w)) + (I x - P{u)A)AP{w) 
+P{Q)A{I X - AP(w)) - P{Q){I X - A 2 )P{w)](I x - AP{w))- x B 
= B*(I X - P{uj)A)-\I x - P(Q)P(w))(I x - AP{w))- l B 

N 

= 5^(1 - uJ^w k )B*{I x - P{w)A)- 1 P Xh (I x - APiw))-^. 
fc=i 

Analogously, 

N 

T(w) - T{lo)* = J2(w k - Uk)B*{I x - P{Q)A)- l P Xk {I x - AP(w))- l B. 
fe=i 

Thus, from 1(4.15(1 and l|4.16jl we obtain that F satisfies (|3.9H and 14.4(1 with 
E k (w,uj) = ^ k (uj)*^ k (w), where 

£ k {w) = V2P Xk (I x -AP{w))- 1 B(I u -f(w))- 1 , weB N , k = l,...,N. 

Since for z k S II, Cfc £ II one has 

1 _ Cfc - 1 Zk - 1 _ 2(z fe + Cfc) z k - 1 Cfc ~ 1 _ 2(z fe - Cfc) 



Cfc + i ^fe + i (Cfc + i)(«k + i)' + i Cfc + i (Cfc + i)(zfc + i)' 

by setting w k = f^- and uj k = ^fj, k = 1,...,N, in (|3.9|l and 14.4(1 . we 
get for f(z) = the identities JSHJl and lO with $ k (z,() = 

MQ'M*), C*,C)e n w x U N , and 

/ s \/2 (z-i-l z N - 1 
</W) = — rCfc 



+ l \Zi + l Ztv + 1 



2fc + 1 \ f— ^fc + 1 / V \ ^1 + 1 + 1 

k = 1,...,N. Thus, finally we get T = C(f) where / e B N (U). The proof is 
complete. □ 
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5. De-homogenization 

In this section we establish a one-to-one correspondence between the classes Vn(M), 
Bn{M) and certain classes of non-homogeneous holomorphic functions of N — 1 
variables. 

Theorem 5.1. Let f G Vn{M)- Then the function 

(5.1) g(zi, . . . , z N -i) ~ f(zi, z N -i, 1) 



is holomorphic in the domain Q N -i '■= U AeTnn (AII) 1 C 
properties: 

(i): g(P) = g(z>)*, z'efi^; 



the 



(ii): Re 



ZNg 



> o, z = (zi, . . . ,z N -i, z N ) e n 



Conversely, let an L(JA)-valued function g{z') = g(zx, . . . , Zn-i) be holomorphic 
in the domain Q N -i an d satisfy conditions (i) and (ii). Then the function 



(5.2) 



f(zi, . . . , zn-i, zn) ■= z N g 



ZN-l 



\zn z n 

is correctly defined on Qn and belongs to the class Vn{M)- 

Proof. The function g defined by l|5.1|) is holomorphic in the domain 

{z 1 = (z u z N -i) G C^- 1 : (z u . . . , zn-i, 1) e n N } 
= {z' S C^ 1 : 3A G T : z N -i, 1) G (All)"} 



{z 1 e C^- 1 : 3A e t n n : z' e (An)"- 1 } = n+ 



N-V 



since 1 G All means A 6 II. Clearly, (i) is valid for g since (|2.3|l is valid for /. For 
any z — (z\, . . . , zjy-i) z Jv) G n , due to l|2.1|l and 12.21) for /, one has 



Re 



ZNg 



Zl 

zn ' 



ZN-l 
ZN 



Re 



ZNf 



ZN-l 



\ZN ZN 

= Ref(zi,...,z N -i,z N )>0. 

Thus, (ii) is valid, too. 

Conversely, let an L(U)-v&hied function g(z') — g(zi, ■ . ■ , zjv-i) be holomor- 
phic in f^-i and satisfy (i) and (ii). Then the function / is correctly defined 
by (|5.2|) . Indeed, for any z G fijv there is a A G T such that z G (All) . Hence, 



N-l 



(w'-'-'^J € ( e l ^s^ S z N ) U y ^ Since argZAr G (arg A - § , argA + § ), 
one has argA - arg z N G (-§,§)■ Therefore, (f^, ■ ■ ■ , £ f^ i ) G fi+_ r More- 



over, / is holomorphic in Qjy. Properties H2.1fl - I|2.3|) of / are easily verified. Thus, 
/ G Vn(M)- The proof is complete. □ 

Theorem 5.2. Let f G Bn(U). Then the function g defined by 15.1]) is holomorphic 
in the domain Q~n-i an d ^ as the properties: 
(i): g(z 7 )=g(z')*, z' G Q+_ lS 
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(ii): for any R G A N such that Rk G L(TL), k = 1, . . . , N, where Tt is some 
Hilbert space, the operator g{R N R±,...,Rjf i?jv-i) * s correctly defined 
and Re[(I u <S> R^giR^Ri, ■ ■ .,R^R N -i)] > 0. 
Conversely, let an L(U)-valued function g{z') = g(zi, ^jv-i) be holomorphic 
in the domain an< ^ satisfy conditions (i) and (ii). Then the function f is 

correctly defined by \5. fy) and belongs to the class 13^(14). 

Proof. Since / E Bn(U) C Vn(M), by Theorem l5. li the function g is holomorphic in 
and satisfies (i). Since the function g (^L, . . . , ^) = / . . . , ^1, l) 

is holomorphic in z = [z\, . . . , zat) G f2jv, the operator g(R^ Ri, ■ ■ ■ , RJ^Rn-i) 
is correctly defined for any R = (i?i, . . . , i?Ar) G .4^ (see SectionEJ. Moreover, 

Re[(Z w ® i? A r).g(i? 7V 1 i? 1 , . . . , i?^ 1 i?^)] = 

He[(7 M ®iijv)/(ie^ 1 iZi,...,iJ^ 1 iJjv-i,/w)] = Re/(i?i ! ... ! i? A r_i,i?j V ) > 0, 

due to properties (i) and (ii) of / in Corollary 13. 21 Thus g has property (ii) of the 
present theorem. 

Conversely, let an L(W)-valued function g(z') be holomorphic in and 
satisfy conditions (i) and (ii) of this theorem. In particular, g satisfies conditions 
(i) and (ii) of Thcorem l5.ll Then the function / is correctly defined by (|5.2(l and 
belongs to the class Vn(U)- According to Corollary 13. 21 the only thing we have to 
check is that Re/(R) > for any R G A N . The latter follows easily: 

Re/(i?!, . . . , Rn-^Rn) = Re[{I u <8> R N )g(R^Ri, iJ^ifo-i)] > 0. 

The proof is complete. □ 



6. The "real" case 

Let us introduce the operator analogues of real matrices, and operator- valued 
analogues of real matrix- valued functions. To this end, first of all we define an 
anti- linear operator which generalizes the complex conjugation in C™. 

The operator t on a Hilbert spaced is called an anti-unitary involution (AUI) 
if the following conditions are satisfied: 

(6.1) l 2 =Iu\ 



(6.2) (tuiji/ua) = {u2,u\), u\ G U, u 2 G U. 

Proposition 6.1. An AUI l has the following properties: 

(i) : i is additive, i.e., for any u\ EU, u 2 G U one has £(1*1+1*2) = iu\ + LU2; 

(ii) : l is anti-homogeneous, i.e., for any u G IA, a G C one has i{au) = ollu; 

(iii) : the operators tt ± := Im±L are 

idempotents, their ranges ir±U are closed 

in U, and tt + U + ir-U = U. 
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Proof. Let ui € U, u 2 eU. Then 

||t(tti + u 2 ) - lui - lu 2 \\ 2 = \\l(ui + u 2 )\\ 2 + \\lui\\ 2 + \\lu 2 \\ 2 
— 2Re(i(ui + u 2 ), lui + iu 2 ) + 2Re(/,ui, lu 2 ) 

= \\ui +u 2 \\ 2 + ||ui|| 2 + ||u 2 || 2 - 2Re(ui,ui + u 2 ) - 2Re(u 2 ,ui + u 2 ) 

+ 2Re(u 2 ,ui) = ||ui|| 2 + ||w 2 || 2 - \\ui + u 2 \\ 2 +2Re{u 2 ,u 1 ) = 0. 

Therefore, l(u\ + u 2 ) — lu\ — iu 2 = 0, that proves (i). Next, for any u G hi, a G C 
one has 

\\t(au) - 6llu\\ 2 = ||t(au)|| 2 - 2Re(t(au), am) + |a| 2 ||m|| 2 
= \\au\\ 2 - 2Re(a(i(au), + M 2 |M| 2 
= 2H 2 ||u|| 2 - 2Re(a(u,au)) = 2|a| 2 ||u|| 2 - 2|a| 2 ||u|| 2 = 0, 
that proves (ii). Since 

2 (I U ± if (I U ±2i + i 2 ) I U ±i 

*± = -^T~ = 4 = -2~ = 

the operators ~k± are idempotents. Since l preserves the norm, i is continuous, thus 
tt± are also continuous operators. The latter means that if ir±Uj — ► y as j — > oo 
then 7T±itj = Tr^TTittj) — > 7rj-y, i.e., y = Tr^y G n±U. Therefore, tt±U are closed 
lineals in hi. 

If = 7r_w 2 then tt^U! = 7r + 7r_?i 2 . Since = 7r + and 7r + 7r_ = 

= iu^L _ 0; on e has tt+mi = 7r_?i 2 = 0, i.e., ti+UOttM = {0}. Since 
for any u €hi one has it = 7t + m + 7r_u, and ir±u G 7r±W, we get ir+hi + 7r_W = W. 
The proof is complete. □ 

Example 1. Let = C n . For u = col(ui, . . . , u n ) G C n denote u :— col(uT, . . . , u^). 
Set m := m, i.e, i is the complex conjugation in C™. Then, clearly, i is an AUI and 

tt + u = Re u = col(Re u\, . . . , Re u n ), tt-u — ilmu — icol(Imiii, . . . , Imu„). 

The operator A G L(hi) is called i-real (resp., I- symmetric) if lA = Ai (resp., 
lA = A*l). 

Example 2. Let hi = C" and m = u, as in Example^ Then the operator A G L(U) 
is t-real (resp., t-symmetric) if and only if its matrix in the standard basis {e k } k= i 
has real entries (resp., is symmetric, i.e., A T = A). Indeed, in the first case 

a k j = (Aej,e k ) = (ie k ,tAej) = {be k ,Aiej) 

= (eh,Aej) = (Aej,ek)=akJ, k,j = l,...,n; 

in the second case 

a kj = (Aej,e k ) = (Le k ,iAej) = (ie k ,A*iej) 

= (e k ,A*ej)=(Ae k ,ej) = aj k , k,j = l,...,n. 

Lemma 6.2. Let i = lu be an AUI on a Hilbert space hi, and A G L(hi). For the 
following three conditions, any two of them imply the third one: 
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(i) : lA = Al; 

(ii) : i A = A*l; 

(iii) : A = A*. 

Proof. (i)&(ii)=^(iii). If lA = At and lA = A*l then Al = A*l. Therefore, Al 2 = 
A*l 2 , i.e., A = A*. 

Implications (i)&(iii)=^(ii) and (ii)&(iii)=^(i) are obvious. □ 

Let i be an AUI on a Hilbert space U, and fl C C N be a domain invariant 
under the complex conjugation: f2 = CI. For a function / : ft — > L(U) set f*(z) = 
if{z)i, z G 17. A function / : f2 — ► is called i-real if for any 2 € one has 



Example 3. Let W = C n and tu = u, as in Examples ^ and [21 an d SI C be 
a domain satisfying Q = Q. Then i-real L(£Y)-valued functions are those matrix 
functions whose values in the standard basis {efc}]J =1 satisfy the condition f(z) = 
f(z). Indeed, 

[f(z)]kj = (f(z)ej,e k ) = (f(z)tej,Le k ) = (t 2 e fe , 4/(2)^) 

= (ek,f(z)ej) = (f(z)ej,e k ) = [f{z)] kj , k,j = l,...,n. 

Let U be a Hilbert space and 1 = tu be an AUI on U. Denote by iWPn(U) 
and lM.Bn(U) the subclasses of Vn(U) and Bn{U), respectively, consisting of i-real 
functions. Clearly, iRB N {U) C lWP n {U). 

Proposition 6.3. The Taylor coefficients of functions from lWPn(IA) , and therefore, 
functions from iMBn(M) satisfy conditions (i)-(iii) of Lemma \6.& 

Proof. According to Lemma 16.21 it is sufficient to verify any two of its conditions, 
e.g., (i) and (iii), for the Taylor coefficients of an arbitrary function / £ lWPm(U). 
It follows from Proposition 16 . II that 



in some neighborhood r' of z° € CIn. By the uniqueness of Taylor's expansion in 
the neighborhood r n V of z°, we get if t b = ft and ift = fti-, for any t € , i.e., 
condition (i) is satisfied for all the Taylor coefficients of /. Since 



/*(*) = /(*)■ 



/*(*) = if(z)i = J2 rftiz - z °Yt = E i M 




in some neighborhood f of z° € Cl]y. Since / is t-real, 



f\z) = f(z)= ft( z - z °Y 
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in r, and 

/(*)• = /(*)= E ft(z-z°Y 

in r', by the uniqueness of Taylor's expansion in the neighborhood r n V of z°, 
we get ft — ft for any t € , i.e, condition (iii) is also satisfied for all the Taylor 
coefficients of /. □ 



Theorem 6.4. Let f be a holomorphic L(U) -valued function on f2jv, and i = lu be 
an AUI on a Hilbert space U. The following conditions are equivalent: 

(i) : fe lRB n (U); 

(ii) : there exist a representation of f and an AUI l-h on TL such that 
the function A(z) given by \2. b)) is (in L^-real; 

(iii) : there exists a representation of f for which the holomorphic PSD 
kernels Q, k = 1, . . . , N, on H x 11^ are Ly-real; 

(iv) : there exist an Agler unitary colligation a — (N; U; X = @ fe=1 Xk,U,U) 
with U — U* , the corresponding representation of T = C(f) (the 
latter is given by \4-l{ ) ) o,nd an A UI ix on X which commutes with the 
orthogonal projectors Pk — Px k , k = 1, . . . , N, such that the operator U 
is (lx @ uuj-real. 

Proof. (i)=>(iii). By Theorem 12.71 there exists a representation (|2.11J) of / with 
holomorphic PSD kernels $ fc (z, £), Jt = l,...,iV, on^xn" Define 

*S(*. := + (*, e n- x n* k = i, . . . , n. 

For any u\ € U, ti2 €W, k = 1, . . . , N, one has 

($l(z,()ui,u 2 ) = (i$ fe (z, C,)lui,u 2 ) = (lU 2 ,$ k (z, LU i) 
= ($k{z, 0*Lu 2 ,tui) = ($ fe (C,2)m 2 ,mi), 

which is, clearly, a holomorphic function in [z, C) € n N xll^ (we used the property 
(|2.9|) of PSD kernels). Thus, $|(z, C) and, therefore, $l(z,Q are holomorphic 
operator- valued functions on H N x Ii". Since for any m G U, u 2 6W 

= (ui,$|(C,z)u 2 ), 

one has $f.(C,z) = ®l(z,()* and, therefore, ^° k {C, z) = for a11 ( Z 'C) € 

n w x U N , k = l,...,N, i.e., ®%(z,C) satisfies condition fity . 
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Let m&N, {z (m) }™ = i C U N , C U. Then for k = 1, . . . , N one has 

mm mm 
/i=l z/— 1 /i— 1 zy=l 



m m 



/J-=l V— 1 /J.— 1 f — 1 

m m 
/^— 1 v—l 

by virtue of l|2.1U|l for $ fe (z,£). Thus, $'.(z,C) and, therefore, $%(z, () satisfy 
condition l|2.10|l . Finally, we have proved that &t(z, () and, therefore, &l(z, C) are 
holomorphic PSD kernels on H N x II^. 

Since f*{z) = if{z)i = f(z), the identity 12.11|l together with properties (i) 
and (ii) in Proposition 16 . II of i imply 

(N \ N 

fc=l / fc=l 

JV 

= ^z fe $»(z,c), feOen^n* 
fc=i 

Therefore, /(z) = z k ^° k {z, C), 0, (je^x n w . Moreover, 

Thus, H2.11jl holds with t^-real holomorphic PSD kernels $%(z, C), k — 1, . . . , N, 
and (iii) follows from (i). 

(iii)=>(ii). Recall that holomorphic PSD kernels & k (z, C) admit factorizations 
$fe(2,C) = <Pk{CY <Pk(z) , where ip k are holomorphic L(U,A4 k ) -valued functions on 

and M k are auxiliary Hilbert spaces, k — 1, ... ,7V. These M k s and ip k s 
can be determined in the following way. Set <fr k (z,() '■= &k{z,()*- It is easy to 
convince oneself that $fc(z,£) are holomorphic PSD kernels on n w x II . Then 
set M k :— T~t$ k , where T~tjr k denotes the Hilbert space with the reproducing kernel 

$k{z,C), which is obtained by completion of the linear span of functions of the 
form $fc(-, C) u i C S H N , u£lA, with respect to the inner product 

(%(-,CK^(-,C'K) := (^(C'.CKA 

Clearly, <H(z,() = H k (z)H k (()*, (z,() en"x U N , where H k is a holomorphic 
£(.Mfc,W)-valued function on II^ defined by H k {z)*u :— $ k (-,z)u, u € U. Set 
ip k (z) :— H k (z) — H k (z)* . Then for uGti one has (p k (z)u — <& k {-,z)u, and 

* fc («, C) = *k{z, C)* = H k (C)H k (z)* = ^ fc (0Vfc(«)- 
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Define the AUI iM k '■ M-k —> M-k on generating vectors by 

O.Mj$fc(-,CM)0) : = iu^>k{z,C)u 

(= Lu®k{z, ()*u = L U $k((, z)u = $ fe (C, z)i u u 

(6.3) = = $i (z,(>w«), (z,0 e n N x n^n e w. 

This definition is correct. Indeed, 

= ($*(., o«',**(-,0«). 

Therefore, preserves the norm of any vector of the form X]™=i ^ ) fe('j C^) u ^- 
The density of such vectors in M. k implies 

{iM k m, LM k m') = (to', to) to G Mfe, to' G .Mfc, 

that is an analogue of 1(6. 2|) . Next, 

(*A< fc [*fc(-,C)tt])(a) = (tA4*[*fc('.C)*M«])(*) = *fc(2.0 i M u 

= ¥ k {z, C)u, (z,() e u N x u N ,ue U. 

Therefore, by the additivity of iM. k (and ^tf fc ) and the linearity and continuity 
{iM k IS norm-preserving!) argument, we get t 2 Mk = lM k , i- e -j an analogue of 1)6.1(1 . 
The identities in ((6.3(1 imply 

(6.4) L Mk ip k {z) = (fk(z)Lu, ze!l N . 

Following the sufficiency part of the proof of Theorem 12.71 we obtain (f(z) — 
col[ <pi(z) . . . <pn(z) ], 

N 



H = clos span zgn jv {[<p(z) - tp(e)]U} C M = (J) M k , 

fc=i 

G L(W © H) 



K PkK 



<p(e)* 
/« 

(here k is defined by 1(2.16(1 ) such that ((2.5(1 holds for /, where 



<p(e) 
In 



A, 



a k b k 
c/c d k 



eL(U®H), k=l,. 



,N. 



For rp(z) = 



Iu 

<p(z) - <p(e) 



one has ip(e)U —U® {0}, therefore the linear span of 



vectors of the form i/)(z)u, z £ H N , u eU,\s dense inW©W. Set := © fc=1 tM* 
By virtue of ((6.4(1 . one has ^(^(z) — </?(e))w = (^(z) — ip(e))iuU G 7i, hence 
tjnH C H. Set t w := im\H. Clearly, t w is an AUI on TL, and (t w © L-n)ip{z) = 
1>{z)iu, Z&Ii N . 
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Let us verify (i u © in)A k (iu © in) = A k , i.e., the (l u ffi t-H)-realness of 
A k , k = 1, . . . ,N. For any z G n w , C G «6«, u'eW one has 



k: 
A k 



Iu 

<p(z) - ip(e) 

<p(e)* 
I M 

' <p(e) 
In 



u, 



K*P k K 



PkK 



PhK 



Iu 

¥>(C) ~ <^(e) 

" V(e) 
I« 

</?(*) - </3(e) 

99(e) 
p(z) - p(e) 



<p(z) - (/3(e) 

In 

<p(e) 
¥>(0 - P( e ) 



Iu 

<p{Q - v( e ) 

Iu 

u) = (P k <p(z)u,ip(()u'} 



= (Pk<p(z)u, Pk<p(()u') = (ip k (z)u,(p k (C)u'); 



(tu © LH)A k (Lu © in) 

(iu © i«) 



Iu 

<p(z) - (/3(e) 
(/3(C) - p(e) 

i>h(<p(0 - V(e)) 
_ J M 

_ J M 

ip(z) - ip(e) 

= (t<M k <Pk(O u ' ' , t-M k <Pk(z)u) = (ip k {z)u,<f k (C)u) 
(in the second chain of calculations we used the result of the first one and l|fi.4jl ). 
As mentioned above, the linear span of vectors of the form 



= A 



_ Iu 

fiO ~ 'Pie) 



iuu 



Iu 

<P(0 - <p(e) 
u',A k (i u © in 

u',A k 

iuu', A k 



Iu 

<p(z) - ip(e) 
iu 

_ Iu 

<p(z) - ip(e) 



(tpk(Oi<uu', ip k (z)i U U 



Iu 

tp{z) - <p(e) 



u, z G 



II , u G U, is dense in U © TL. Operators A k and (iu © in)A k (iu © in) are 
continuous and linear (the second operator is additive because A k and iu © iH 
are additive, and homogeneous because A k is homogeneous, and iu © in is anti- 
homogeneous and appears twice). Therefore, by comparison the results of the two 
chains of calculations above, and linearity and continuity argument we obtain 
{iu © in)A k {iu ® in) = A k , k = 1, . . . , N. Thus, (ii) follows from (hi). 

(ii)=>(i). Let / satisfies (ii). Then / G Bn(U), and the operator-valued linear 
function A(z) is tu © i-H-real, i.e., 



iU 










in 





iu 
in 



a(z) b(z) 
c(z) d(z) 

The latter is equivalent to the identities 

iua{z)iu = a(z), iuK^) L H = b(z), 
Lnc{z)t,u = c(z) L H d(z)in = d(z), 



a(z) b(z) 
c(z) d[z) 



z G fi 



N ■ 



z eft 



N- 
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Since = In, and 

(i-ndizy 1 l h ) ■ {i H d{z)i H ) = {b H d{z)L H ) ■ (i n d(z ) _1 t«) = In, 

one has ijid(z)~ x iyi — (i-ftd(z)L-n) = d{z) . Therefore, 

f{z) = i u f{z)Lu = iu{a{z)-b{z)d(z)~ 1 c{z))L U 

= t u a(z)i u - {iub{z)i H ) ■ {t-nd(z)~ l L H ) ■ (i h c(z)l u ) 
= a(z) - b(z)d(z)- 1 c(z) = f(z), 

i.e., / is i^-real. Thus, (i) follows from (ii). 

(iv)=>(i). Let (iv) hold. Then the operator U — U* — U^ 1 is (l x © t w )-real 
(and, by the way, [i x © iw)-syrnmetric due to Lemma r6.2[l . i.e., 










' A 


B ' 




iX 







' A 


B ' 





lid 




C 


D 







<u 




C 


D 



This is equivalent to the following identities: 

LxAix = A, l x Blu = B, luClx = C, luDlu = D. 

Moreover, since l x commutes with P k , k = 1, . . . ,N, one has ix(Ix — AP{w))l x = 
Ix - AP(w), and l x {Ix - AP{w)y 1 L X = {Ix - AP(w))- 1 (we already used an 
analogous argument above). Therefore, 

P{w) = i u r(w)L U =tu[D + CP(w)(I x - AP(w))- x B]i u 
= D + CP{w)(I x - AP{w))- 1 B = T{w), weB n , 

i.e., T is t^-real. Applying the inverse double Cayley transform to one can see 
that / is also t^-real on H N , and hence, on f2jy Thus, (i) follows from (iv). 

(iii)=>(iv). Let / satisfy the identity (|2.11|) with holomorphic t^-real PSD 
kernels $> k (z, C), k = 1, . . . , N , on 11^ x 11*. Arguing like in the proof of (iii)=>(ii) 
above, we get Hilbert spaces A4 k , holomorphic L(U , Ai k ) -valued functions ip k 
on n w , such that $ fc (z,C) = Pk{Q*9k{z), (z,Q G U N x n N , AUIs l m „ on 
Mk, k = 1,...,N, and i M = ® k=1 iM k on M = ® k=l M k , for which (|fn|) 
holds, and hence lm<p{ z ) — <p(z)i>U> z G n*. Following the proof of Theo- 
rem 14.21 we get consecutively: identities (|3.9f) and (|4.4|l with holomorphic PSD 
kernels Hfe(u),cj) such that S k (w,uj) = 6c(w)*£fc(i/;), ( w : w ) G B w x B w , and 

k = 1,...,N, are given in (|3.11|) . moreover lm£( w ) = £,{w)iu, w G 
then identities 14.5fl and l|4.9[) with holomorphic PSD kernels 0fe(w,cj) such that 
e k (w,uj) = 9 k {uj)*9 k (w), (w,w) € B N x D w , and 9 k , k = 1, ...,N , are given 
in (|4.8|) . moreover l m 9(w) = 9(w)l u , w E D n ; then identities l|4.10jl and (|4. 1 1|> 
with holomorphic functions 9k(w) = 9 k (w)* , u> € D*, taking values in L(A4 k ,U), 
moreover, Lu9 k (w) = 9 k (w)iM k , w E D N . The latter equality is valid since for any 
m E M.hi u ElA one has 



(i u d k {w)m,u) 



= (i u 9 k (w)*m,u) = (L U u,9 k (w)*m) = (9 k (w)L U u,m) 

= (L Mk m,8 k (w)u) = (9 k (w)*L Mk m,u) = (6 k (w)L Mk m,u) . 
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Denote 9(w) := [ 9i(w) ... N (w) }■ Then l u 9(w) = 9(w)l m , w € U> N . For 

the reproducing kernels K k (w,ui) — 9(w)9(uo)* of the spaces M. k we get the iden- 
tities i U K k {w,Cj)i U = K k (w,uj), (w,u) S D w x B N , k = 1, ... ,N. Define in the 
space X = @ k=1 V(K k ), where V(K k ), k = 1,...,N, are Hilbert spaces with the 
reproducing kernels 

K k (w,oj) K k (w,u) 



K k (w,uj) = 



K k (w,uj) K k (w,uj) 



the operator ix ■= ©f = i(tM t © b M k )- Then is an AUI on X, and i^-Pfe = 
P k ux, k = 1, . . . , N. Moreover, it is easy to see that (tx®i-u)Uo — Uo(lx®i-u), an d 
therefore (ix ® lu)Uq = Uo(ix © <«)■ It is clear that T>q is invariant under lx © iu, 
as well as = (X ®U) QT\) (in fact, since V D U, one has (X ®U)QT^ C X, 
and 2?^ is invariant under lx)- Indeed, for any h\ € T)q, ft, 2 G T>q one has 

((ix © iu)h 2 ,h-i) = ((l x © iu)hi,h 2 ) = 0, 

since (t^ © € £>o, thus (t x © tw)/i2 € . As U = Uq © /^i, we get 

(^A 1 © = ^(m? © tw)- So, we see that (iv) follows from (iii). The proof is 

complete. □ 



7. Conclusion and open problems 

In this paper the class W3 r }f n , which was defined by M. F. Bessmertnyi in |U] (see 
also |10p as a class of rational nxn matrix- valued functions having a long resolvent 
representation (|l.lfl with matrix coefficients A = 0, A k = = A\ > 0, k = 
1, . . . , N, in 1)1. 2|) (note, that matrices have real entries), was generalized in sev- 
eral directions simultaneously. First, one can consider the class B^ xn — CB'^ xn of 
rational nxn matrix- valued functions having a long resolvent representation (|1.1|) 
with matrix coefficients A = 0, A k — A^ > 0, k = 1, . . . , N, in l|1.2f> (i.e., entries 
of matrices A k are complex, not necessarily real). Second, we have introduced the 
class Bn(U), which is a generalization of B^ xn , consisting of holomorphic (not 
necessarily rational) functions on the open right polyhalfplanc II (and naturally 
extendable to the domain £1^ — {Jx G f(^A) N ) which take values in L(U) for a (not 
necessarily finite-dimensional) Hilbert space U and having representations of the 
form Hl.ljl with coefficients A Q = 0, A k = A* k > 0, k = 1, . . . , N, in Ijl. 2jl . which 
are linear bounded operators onM © TL, where a Hilbert space H. is not supposed 
to be finite-dimensional. We have obtained several equivalent characterizations of 
the class Bn(M), which we call the Bessmertnyi class, scattered in different parts 
of this paper, and for convenience of a reader we collect them now in the following 
theorem. 

Theorem 7.1. Let f be a holomorphic function on the domain fl^ = {J\ £ j;{)AV) N C 
C N which takes values in L{U) for a Hilbert spaceU. Then the following statements 
are equivalent: 
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(i): There exist a Hilbert space H. and a representation 
f(z) = a(z)-b(z)d(z)- 1 c(z), zett N , 

of f, where 

a(z) b(z) 



A(z) = z x Ai H \-z N A 



N 



c(z) d(z) 



e L{U®n), 



.,N; 



with A k = A* k > 0, k= 1, 
(ii): there exists a representation 

N 

f(z) = J2 z k®k(z,(), (z,C)en N xfi 



N ■ 



fc=l 



of f, where $fc(z, Q, k = 1, . . . , N , are holomorphic PSD kernels on Qjv x 

(iii) : / satisfies the conditions: 

1. /(Azi, . . . , Azjv) = A/(zi, . . . , zat), A G C\{0}, z G ft^; 

2. /(R) + /(R)* > 0, Re/ 

ff/ie set .4^ of N -tuples of commuting strictly accretive operators on 
a Hilbert space, and the functional calculus for /(R) are defined in 
Section^); 

3. f(z) = f{z)\ z G Ov; 

(iv) : i/iere exist Hilbert spaces X, Xi, . . . , Xn, such that X = ©tLj -ffe, <™rf 
aw Agler representation 

T{w) = D + CP(w)(I x - AP{w))~ 1 B, 
of a double Cayley transform T = C(f) of f (which is defined by \4-l\j ), 
where P(w) — X^feLi w kPx k , and 
A B 



C D 



U = If- 1 = U* G L{X®U). 



^r X ™. We have obtained several characterizations of 



Thus, Bn(U) can be defined as a class of functions / satisfying any (and 
hence, all) of conditions (i)-(iv) of Theorem 17. II 

We have introduced also the class lRBn(U) consisting of all 6- real functions 
from Bn(M), for an anti-unitary involution i = iu on U. The operator t plays a 
role analogous to the complex conjugation on C N , and the class lBBn(U) is a 
generalization of the class 

the class iMJ3n(U), which are collected in Theorem l6.4l 

Let us note that though several descriptions of the classes Bn(M) and lRBn(U) 
were obtained in this paper, the investigation of these classes is still far from its 
final point. We formulate and discuss below the most important questions subject 
to further investigation. 

Recall that the class Bn(U) (resp., lW3n(U)) is a subclass of Vjy(U) (resp., 
tRT-V (£/)), where the latter is a class of all i(W)-valued functions holomorphic in 
Qn and satisfying the conditions: 
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1. f(Xzi, . . . , Xz N ) = Xf(zi, z N ), X e C\{0}, z e Qn; 

2. f(z)+f(z)*>0, zeU N ; 

3. f(z) = f(z)* (= /«(*) := Lf(z)i), z G n N . 

Analogously, the class B n N xn (reap., RS" xn ) is a subclass of P" xn (resp., M.V r ^ xn ), 
where the latter is a class of all rational nxn matrix- valued functions satisfying 
the conditions: 

1. f(Xz 1 ,...,Xz N ) = Xf(z 1 ,...,z N ), AeC\{0}, zeC N ; 

2. f(z) + f(z)* > 0, sell"; 

3. /(*) = /(*)* (=/(^) T ), ^C" 

It is known that in the cases N = 1 and N — 2 condition 2 for all of these classes is 
equivalent to condition (iii2) of Theorem 17. II thus for these cases the class Bn(U) 
(resp., iMB N (U), B n N xn , R£™ x ") coincides with V N {U) (resp., iMP N (U), V% xn , 
RP" xn ). 

Problem 1. For which N > 3, U, in and n G N the class Bn(U) (resp., iMBn(U), 
B n N x, \ RB^ xn ) is a proper subclass of V N {U) (resp., iMP N (U), V^ xn , KP^ xn )? 

For the classes Bn(U) and iMBjsr(U), N > 3, this problem, can be refor- 
mulated as follows: find / G Vn(14) and R £ .A such that the self adjoint 
operator /(R) + /(R)* is not PSD. The latter is equivalent to the inequality 
||JF(T)|| > 1, where T — C(f) is a holomorphic contractive L(U)-valued func- 
tion on B N , and the TV-tuple of operators T = (T U ...,T N ) € C N is defined 
by Tj. := (R^ — I)(Rk + I) 1 , k = 1, . . . , N, i.e. for T and T the generalized von 
Neumann inequality fails. There are examples of holomorphic contractive operator- 
valued functions T and A^-tuples T of commuting strict contractions on a Hilbert 
space, for which the generalized von Neumann inequality fails (see | 22l 1111 H5] ). 
however in these examples the requirement T = C(f) for some / € Vn(M) is not 
fulfilled. A function J- satisfying this requirement must have a certain complicated 
structure induced by the homogeneity structure of /. Thus, more sophisticated 
examples should be found to meet this condition. 

Another open problem concerns to characterization of classes B^ xn and 
R.B 7 ^ xn (the formulation below is given for the first of them). 

Problem 2. Does the representation f(z) — JDfeLi z k^k(z,() of an arbitrary / G 
'Pjy* n , where 3>fe(z, C)i k = 1, . . . , N, are rational nxn matrix-valued functions 
which are holomorphic PSD kernels on fijv x ^at, A > 3, imply / G B^ xn ? 

Let us formulate this more accurately. 

Problem 3. For which A > 3, n G N, and / G V^ xn the question in Problem [3 
has a positive answer? 
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